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Abstract

At the core of feedback control is shaping the closed loop’s error rejection function. This is particularly crucial in high-
precision motion control, where attenuation notches are often introduced in the sensitivity function to suppress band-limited
disturbances. However, classical control struggles as the disturbance approaches or exceeds the Nyquist frequency of the
feedback sensor. In particular, it remains not well understood how to address situations when non-integer sampling ratios
exist among the sub control system modules. In this paper, we propose a new framework and solution steps for non-integer
sampling-based signal processing and synchronization, along with an optimal control design to reject structured disturbances
beyond the Nyquist frequency. This is achieved with a novel coprime factorization that removes the restriction in fast-to-slow
sampling-period conversion, a Youla-Kučera parameterization and convexification for loop shaping with prescribed stability
and optimality, and a tailored design with finite and infinite impulse response filters. Experimental validation on motor control
hardware demonstrates the effectiveness for structured signal reconstruction beyond-Nyquist frequency, achieving over 60%
reduction in root mean square error under measurement noise. In addition, simulations on an in-house galvanometer scanning
system verify that the proposed method improves disturbance attenuation performance and robustness to noise, achieving
over 90% band-limited disturbance attenuation beyond the Nyquist frequency.
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1 Introduction

An essential task in precision motion control is to shape
the feedback loop locally to reject band-limited dis-
turbances. Such local-loop shaping (LLS) is crucial in
high-precision applications such as servo control in hard
disk drives (HDDs) and semiconductor photolithogra-
phy, where nanometer-scale positioning accuracy is re-
quired [37, 13]. At its core, LLS introduces attenuation
notches at the disturbance frequency in the closed-loop
error rejection function while adhering to the inherent
limitations of feedback control design. Such design of
the error-rejection function can be achieved, for ex-
ample, with the use of disturbance observers (DOBs),
which provides an intuitive structure via explicit [27, 4]
and implicit [19] model inversion, leading to deep ap-
plications in precision manufacturing and information
storage systems [7, 17, 39, 46].

⋆ † T. L. Chu (email: tchu@uw.edu), X. Hu (email:
huxh@uw.edu) and X. Chen (email: chx@uw.edu) are with
the Mechanical Engineering Department, University of
Washington, Seattle, WA 98195. ⋆: corresponding author.

Traditional LLS becomes fundamentally limited when
the feedback sensing rate lags behind the system dy-
namics. In such cases, disturbances beyond the sensor’s
Nyquist frequency are not fully observable due to alias-
ing. This limitation is increasingly significant, e.g., in
vision-based sensing systems, where the sensor data and
speed impose substantial computational burdens and
communication constrains [36]. These limitations appear
in a wide range of applications, including robotic visual
servoing with sensing latency constraints [11], selective
laser sintering (SLS) with slow thermal sensing [42], vi-
bration rejection during position tracking in aerospace
systems [25, 38, 31], and sub-Nyquist sampling prob-
lems in ultrasound images [20, 10], radio communication
[45, 47], and power grid management [21, 32].

Recent advances in control strategy have explored
compensation of disturbances beyond the Nyquist fre-
quency. Systems using multiple slow-rate sensors at dif-
ferent sampling rates can exceed the Nyquist frequency
of a single-rate slow-sampled sensor [2, 16]. In the case
of multirate systems with only a single fast-sampled
input and slow-sampled output, recursive least squares
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[28] and weighted sinusoidal inputs [44, 43] have been
proposed to address beyond-Nyquist modeling and dis-
turbance attenuation.

Despite the increasing recognition of beyond-Nyquist
controls, existing explorations are primarily made under
an integer-ratio assumption, where the fast- and slow-
sampling periods maintain a fixed periodic alignment
(e.g., the sensor speed is 3 or x times slower than the
control speed). However, for increasing systems involv-
ing vision or other types of slow feedback under wired
or wireless communications [34, 41], maintaining fixed
integer-ratio sampling and synchronization between sub-
systems is intrinsically challenging and can be even im-
practical. Approximating these fractional-rate systems
using integer ratios, on the other hand, is nontrivial and
introduces timing mismatch. Such timing errors can pro-
duce a spectral distortion that becomes increasingly sig-
nificant at high frequencies and near the Nyquist fre-
quency [33]. Therefore, beyond-Nyquist signal process-
ing and controls under fractional sampling remain a com-
plex challenge with asynchronous timing, aliasing, and
robustness constraints.

With the pressing needs from practical systems on the
one hand, and the theoretical challenges of modeling and
control on the other, this paper provides a novel beyond-
Nyquist signal processing and loop shaping for optimal
structured disturbance rejection under non-integer sam-
pling relationships. The core consists of (i) a model-
based signal processing and synchronization via a mul-
tirate model predictor (MMP) that leverages the Inter-
nal Model Principle, and (ii) a Youla-Kučera parame-
terization using the structure of a forward model mul-
tirate disturbance observer (MFMDOB), to collectively
achieve beyond-Nyquist disturbance rejection while pre-
serving closed-loop stability. To cope with the aliasing-
induced amplification and reconstruction error, we then
introduce an optimal filter parameterization to ensure
disturbance rejection at the target frequencies, while si-
multaneously reducing sensitivity amplification across
the frequency spectrum. What may be initially surpris-
ing, is that the resulting signal processing achieves an
equivalent sampling rate that is multiple times beyond
even the fastest rate in the original feedback system.
This comes from a unique yet nontrivial coprime factor-
ization in the proposed non-integer sampling, leading to
a highly capable wide-frequency compensation range.

The main contributions of this work are:

• A first-of-its-kind high-frequency discrete-time signal
recovery method beyond the limit of conventional
integer-rate sampling;

• A novel coprime factorization framework to address
beyond-Nyquist signal processing in a feedback sys-
tem;

• A new forward model multirate disturbance observer
(MFMDOB) for non-minimum phase (NMP) systems
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Fig. 1. Model of the in-house built laser powder bed fusion
(subfigure a) and illustration of the SLS process with vi-
sual feedback and the proposed disturbance observer (sub-
figure b). The camera is used to track the beam position
but with a slow-sampling rate—susceptible to substantial
beyond-Nyquist vibrations.

with an optimally filter design workflow for beyond-
Nyquist disturbance rejection;

• Comprehensive validation through hardware and sim-
ulation testing, with improvement in reconstruction
accuracy and reduced sensitivity to noise by over 60%
and over 90% reductions, respectively, in root mean
square (RMS) error.

The remainder of this paper is structured as follows. Sec-
tion 2 introduces notation and the MFMDOB design.
We propose the algorithm for the MMP and introduce
the optimal filter parameterization in Sections 3 and
4, respectively. Experimental validation is presented in
Section 5. Finally, we conclude the paper in Section 6.

2 Problem Formulation

We demonstrate the proposed MMP on a motor con-
trol hardware and MFMDOB in simulation on the laser
beam steering control of an in-house developed selective
laser sintering (SLS) additive manufacturing testbed
(Figure 1).

Figure 2 shows the block diagram of the overall ad-
dressed problem and the proposed controller structure.
We index continuous-time signals by (t), discrete-time
signals by [n] (e.g. y(t) and y[n] are the continuous- and
discrete-time outputs, respectively, with n ∈ Z+). Ignor-

ing the inner loop from P̂ (z) toQ(z), we have a standard
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Fig. 2. Block diagram of the proposed MFMDOB. The
sampling periods are indicated by the dashed (slower,
Tss = LTfs) and the dotted (faster, Tfs) lines. The MMP sig-
nal reconstruction process is denoted by WMMP,k(z) where
the input is the slow-sampled signal, and the output is the
reconstructed signal.

feedback system with a reference input r[n], a baseline
controller C(z), a zero-order hold (ZOH), and the con-
trolled plant P (s). Our focus is on the challenging situ-
ation where 1) the plant output y[n] is sampled at a slow
period Tss, 2) the disturbance dp(t) contains major com-
ponents beyond the Nyquist frequency 1/(2Tss), and 3)
the controller may operate at a clock rate Tfs that is faster
than Tss. In addition, we focus on disturbance signals
with an underlying structure that is partially known to
us. This will be made more specific in the next section. 1

Adding the inner-loop components and an illustration
of the mixed-rate signal flows, we have the proposed
MFMDOB in Fig. 2. The MFMDOB uses principles
from internal model control, where the forward model
is leveraged and the inverse dynamics of the plant is
parameterized through a performance-enhancement
Q filter. 2 More specifically, we introduce: P̂ (z)—the
discrete-time Tfs fast-sampled ZOH equivalence of P (s);
WMMP,k(z)—an MMP that can losslessly reconstructed
the focused class of disturbances beyond the Nyquist
frequency, shaping a Tss slow-sampled input dss[n] to

1 If a completely stochastic broadband disturbance appears
beyond the Nyquist frequency, little control could be done;
and from a loop shaping viewpoint, it is best to apply less
control (small gain) at high frequencies.
2 When all signals have the same sampling rate, the inner-
loop structure is in fact a form of Youla-Kučera all-stabilizing
control [15].

an estimated fast disturbance dfs[n] sampled at Tfs;
Q(z)—an optimally designed Q filter that counteracts
the effect of disturbance beyond the Nyquist frequency
of the original output sampler; and dp(t) and ds[n]—the
plant disturbances and the sensor noise, respectively.

Mathematically, we map the slow- and fast-sampling pe-
riod as Tss = LTfs, where L is a non-integer rational
number. This is a rather general assumption that applies
to broad application scenarios.

In addition to the aforementioned notation and signal
flows, we use ↑ L and ↓ L as to indicate upsampling
and downsampling operations, respectively. One can ob-
serve that the P̂ (z) and ↓ L blocks generate ŷ[n], an
estimated disturbance-free output sampled at the slow
Tss.

3 Then, at the summing junction after ŷ[n], the out-
put dss[n] = y[n] − ŷ[n] + ds[n], where the effect of the
control input gets canceled out, yielding an estimate of
the disturbance dp(nLTfs)+ ds[n]. After processing the
disturbance-information-rich dss[n] with the proposed
mixed-rate optimal fractional-order signal processing,
Q(z) outputs a fast compensation command that is fed
back to the input-side of the plant.

Besides the inner-loop configuration in Fig. 2, the pro-
posed algorithm can also be implemented as an outer-
loop controller as shown in Fig. 3. Analogous analysis
will apply. Such a form is useful when it is inconvenient
or infeasible to change the internal baseline controls.
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Fig. 3. Alternative form of the proposed controller structure,
with the controller embedded within the plant.

3 Signal Reconstruction for Non-Integer Sam-
pling Ratios

3.1 The Proposed Fractional-Sampling Temporal Map-
ping

3.1.1 A coprime sampling factorization and synchro-
nization

Recall the definition of the rational sampling ratio L in
the previous section. Let L = NL/DL, where NL > DL,

3 The P̂ (z) and ↓ L blocks are introduced for analysis pur-
poses. In practice, these two blocks can be implemented as
one slow-sampled ZOH equivalent of P (s) at Tss.
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Fig. 4. Relationship between fast- and slow-sampling peri-
ods for non-integer factors. The slow-sampled signal (green
squares) and fast-sampled signal (red circles) synchronizes
at dss[DLn] = dfs[NLn] = d(NLnTfs). k denotes the in-
ter-sample point between dss[DLn] and dss[DL(n+ 1)] and
spans from 1, . . . , NL − 1.

and NL and DL are coprime integers. Such NL and DL

always exist as long as L is rational, i.e. L ∈ R. By
this treatment of the sampling ratio, and recalling the
relationship between the slow and fast sampling periods
Tss = LTfs, we have

DLTss = NLTfs. (1)

We then have the key relationship between the fast- and
slow-sampled signals:

dfs[NLn] = dss[DLn] , (2)

dss[n] = dp(nLTfs) , (3)

where Eq. (3) establishes the mapping between the
continuous-time plant disturbance dp(t) to the slow-
sampled discrete-time dss[n]; and Eq. (2) comes from the
relationship dfs[NLn] = dp(NLnTfs) = dp(DLnTss) =
dss[DLn] after applying Eq. (1). Furthermore, applying
Eq. (1) again, we have dfs[NL(n + 1)] = dp(NLnTfs +
NLTfs) = dp(DLnTss+DLTss) = dss[DL(n+1)]. With
these results, we obtain a consistent mapping between
the slow- and fast-sampled signals, as illustrated in
Fig. 4. In particular, synchronization between the slow-
and fast-sampled signals occurs sparsely, and exact
alignment occurs once every NL fast-sampling intervals
(or equivalently every DL slow-sampling intervals).

We define k ∈ {1, . . . , NL − 1}, which denotes the kth

inter-sample point between consecutive synchronization
instants dfs[NLn] and dfs[NL(n+1)]. Based on what we
derived in the last paragraph,NL−1 inter-sample points
must be reconstructed between consecutive aligned slow-
sampled measurements dss[DLn] and dss[DL(n+ 1)].

3.1.2 General signal modeling

We construct theMMP based on the internal-model con-
cept, where a discrete-time structured signal can be rep-
resented as the output of a linear system driven by an
impulse signal δ[n] [26]. For example, a constant d[n] = d
corresponds to the impulse response of the scaled inte-
grator d/(1−z−1), while sin(ωn) corresponds to the im-

pulse response of the filter (z−1 sinω)/(1− 2z−1 cosω+
z−2). More generally, we model the disturbance as [9, 42]

d[n] =
Bd(z

−1)

Ad(z−1)
δ[n] , (4)

where z−1 denotes the backward shift operator [12].
Rewriting Eq. (4) as Ad(z

−1)d[n] = Bd(z
−1)δ[n], we

have the right-hand side as a finite linear combination
of delayed, weighted impulses that vanishes for n > 0,
implying

Ad(z
−1)d[n] → 0 . (5)

Equation (5) reflects the internal structure of the dis-
turbance and forms the basis for perfect multirate dis-
turbance rejection. In particular, we will show that it
enables the construction of an analytically solvable Dio-
phantine equation that recovers the structured distur-
bance at fractional intervals of the slowing period.

3.1.3 Disturbance modeling under fractional sampling

We now formulate the disturbance-model polynomial
Ad(z

−1) for fractional sampling.Moving forward, we will
only require knowledge of Ad(z

−1), i.e., the denomina-
tor in Eq. (4).

Consider a plant disturbance consisting mainly of m
narrow-band components in the form of

dp(t) = db(t) +

m∑︂
i=1

λd,i sin (2πfd,it+ ϕd,i) , (6)

where λd,i and ϕd,i are unknown amplitudes and phase
shifts of the narrow-band disturbance components, and
db(t) represents broad-band noises. The disturbance fre-
quency, fd,i (Hz), can be acquired via spectrum analy-
sis or system identification and is assumed to be known
or can be adaptively estimated [5, 22]. After sampling
at a fast rate of Tfs sec, the narrow-band part of the
disturbance-model polynomial Ad(z

−1) is given by

Ad(z
−1) =

m∏︂
i=1

(︁
1− 2 cos(2πfd,iTfs)z

−1 + z−2
)︁
,

≜ 1 + a1z
−1 + . . .+ a2mz−2m . (7)

After we establish the analysis pipeline, such a model
structure will apply quickly to wide-band disturbances
such as those in [4, 19, 18, 30, 8, 6].

3.2 Fractional-Sampling Multirate Model Predictor

Under Eq. (4), the proposed MMP reconstructs band-
limited signals at prescribed fractional rates of the slow-
sampling period for a non-integer L using past slow-
sampled signals and historical inter-sample estimates.
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Theorem 1 Let dfs[NLn + k], k ∈ (1, . . . , NL − 1),
denote the kth inter-sample between dfs[NLn] and
dfs[NL(n + 1)]. Let m denote the number of distinct
frequencies in dp(t). Then,

dfs[NLn+ k] =

nw∑︂
i=0

wk,idss[(n− i)DL]

−
2m∑︂
j=1

bjdfs[(n− j)NL + k] , (8)

where the coefficients bj are defined by

B∗(z−NL) =− 1 +

m∏︂
i=1

(︁
1− 2α cos(2πNLTfsfd,i)z

−NL

+α2z−2NL
)︁
,

≜b1z
−NL + . . .+ b2mz−2mNL ,

(9)
and the coefficients wk,i’s form a filter Wk(z

−NL) that is
solved from the following special Diophantine equation:

F (z−1)Ad(z
−1) + z−kWk(z

−NL)−B∗(z−NL) = 1 .

Derivation of Eq. (8), solution of the Diophantine equa-
tion, and Proof of the Theorem are provided in Ap-
pendix A.

Signal reconstruction is feasible provided that at least
2m past slow-sampled signals (i.e. nw ≥ 2m − 1) and
2m historical inter-sample estimates are available.

Remark 2 The proposed fractional-order MMP is an
infinite-impulse-response (IIR) structure, as the recon-
structed signal depends on the feedback from historical
inter-sample estimates. This behavior is reflected in the
following transfer function form of Eq. (8):

WMMP,k(z) =
wk,0 + wk,1z

−NL + . . .+ wk,nwz
−nwNL

1 + b1z−NL + . . .+ b2mz−2mNL
.

(10)
To be more specific, noting the fast- and slow-sampling
periods of dfs and dss, we can write Eq. (8) equiva-
lently as dfs(NLTfsn + kTfs) =

∑︁nw

i=0 wk,idss((n −
i)DLTss)−

∑︁2m
j=1 bjdfs((n− j)NLTfs+kTfs). Applying

Eq. (1) yields dfs(NLTfsn+kTfs) =
∑︁nw

i=0 wk,idss((n−
i)NLTfs)−

∑︁2m
j=1 bjdfs((n−j)NLTfs+kTfs). Hence, in

the Tfs-sampled discrete-time domain, dfs[NLn + k] =∑︁nw

i=0 wk,idss[(n − i)NL] −
∑︁2m

j=1 bjdfs[(n − j)NL + k],

whose transfer function from dss to dfs is Eq. (10).

From the same theorem, we can have a finite-impulse-
response (FIR) solution by omitting the historical inter-
sample estimates (i.e., settingα = 0 ⇒ B∗(z−NL) = 0 in

Eq. (9)), thereby constraining the inter-sample estimates
to depend solely on past slow-sampled measurements.

Remark 3 The choice of the tunable parameter, α ∈
(0, 1), determines the pole locations of B∗(z−NL), al-
lowing independent adjustment for sensitivity to noise,
namely, α is used to adjust the bandwidth of the MMP.
As α → 1, the bandwidth narrows. Increasing α to 1
also causes the poles of WMMP,k(z) to approach the unit
circle. Consequently, the transient response time for the
signal reconstruction increases.

3.3 Multi-Phase Signal Reconstruction

Equation (8) reconstructs the fast-sampled structured
dp signal using only every Dth

L slow-sampled measure-
ment when L is non-integer, resulting in a sparse mea-
surement structure. To incorporate all available slow-
sampled measurements, we extend the reconstruction
to be a DL– phase structure, where each recovery al-
gorithm is one residue class of the slow-sampled signal.
This requires DL reconstruction phases, each initialized
one slow-sampling period Tss apart and operating on the
signal subsequences dss[DLn + j] ∀j = 0, . . . , DL − 1.
Each phase produces NL − 1 inter-sample estimates be-
tween consecutive slow-sampled signals, and the com-
bined phases form an effective sampling periods of Tes =
Tfs/DL—substantially beyond even the fast sampling
period of the original feedback loop. Algorithm 1 details
the steps of the multi-phase signal reconstruction.

Algorithm1Multi-phase signal reconstruction for non-
integer L

1: Input: Slow-sampled signal dss[n], parameters DL,
NL, coefficients wk,i and bi

2: Output: Reconstructed fast-sampled signal dfs[n]
3: for j = 0, 1, . . . , DL − 1 do
4: Initialize phase j using subsequence dss[DLn+ j]
5: end for
6: for each slow-sample index n do
7: for j = 0, 1, . . . , DL − 1 do
8: Compute inter-sample estimate using Eq. (8)
9: end for

10: end for
11: Sum phase outputs to obtain reconstructed signal

dfs[n]
12: Resulting effective sampling period: Tes = Tfs/DL

Consider an example in Fig. 5, where L = 2.5, yielding
NL = 5 and DL = 2. The first reconstruction is ini-
tiated at dss[0] and operates on the even-indexed sub-
sequences dss[2n], n ∈ Z+. After one slow-sampling
period, the second reconstruction algorithm is initiated
at dss[1] and operates on the odd-indexed subsequences
dss[2n+ 1], n ∈ Z+. Each phase reconstructs the inter-
samples corresponding to its alignment pattern, and the
two reconstructed signals are temporally offset by Tss.

5



By combining these complementary signals, all slow-
sampled measurements are used to form the recovered
signal with effective sampling period of Tes = Tfs/2, cre-
ating an ability to operate beyond the fastest sampling
frequency in the original feedback loop.
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Fig. 5. Multi-phase reconstruction where L = 2.5.

3.4 Verification

3.4.1 Experimental Validation

We perform online experimental validation of the
multi-phase signal reconstruction using a MinSegMotor
equipped with an Arduino Mega 2560 and an encoder
sampling at 8 Hz, 4 shown in Fig. 6. A 7 Hz sinusoidal
reference with amplitude 2 V (normalized to unity mag-
nitude) was applied to the motor, resulting in an aliased
position measurement since the Nyquist frequency of
the encoder is only 4 Hz. Encoder measurements were
acquired through hardware-in-loop monitoring with the
Simulink Support Package for Arduino. The experimen-
tal parameters are summarized in Table 1.

DRV8833 motor driver

Arduino Mega 25601336 quadrature encoder

4.9  DC motor with flywheel V 

Fig. 6. Experimental platform with a MinSegMotor using an
Arduino Mega 2560 board with a 1336 quadrature encoder
count.

4 For illustrating the beyond-Nyquist effect, we designed a
hidden stage of fast encoder measurement at 100 Hz strictly
for performance measurement purposes, and then downsam-
pled the 100 Hz measurement to 8 Hz for all the actual signal
processing and filter designs.

Table 1
Experimental parameters for online signal reconstruction

Parameter Value

Hardware MinSegMotor (Arduino Mega
2560)

Motor 4.9 V DC motor
Encoder resolution 1336 counts/rev
Reference signal 7 Hz sinusoid, 2 V amplitude
Feedback gain 2.5× 10−4

Slow-sampling period Tss 0.125 s (8 Hz)
Fast-sampling period Tfs 0.01 s (100 Hz)
Upsampling factor L 12.5
Effective sampling period
Tes

0.005 s (200 Hz)

Run time 20 s

For brevity, we refer to W-FIR and W-IIR as the FIR-
and IIR-based MMP reconstruction schemes, respec-
tively. The slow-sampled measurements were recon-
structed using the W-FIR and W-IIR and upsampled
by L = 12.5 to ffs = 100 Hz, followed by multi-phase
reconstruction to obtain a higher effective sampling rate
of fes = 200 Hz.

Figure 7a demonstrates that both the W-FIR and W-
IIR achieved comparable performance and successfully
reconstructed the aliased signal. The root mean square
(RMS) reconstruction error was computed after remov-
ing the aligned slow-sampled reference points and eval-
uating only the inter-sample reconstruction error after
the transient response of the W-IIR (≈ 4 s). The signal
reconstruction using W-FIR produced an RMS error of
0.093, while the W-IIR achieved an RMS error of 0.089
with α = 0.9 in Eq. (9).
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Fig. 7. Comparison of signal reconstruction using W-FIR
and W-IIR (α = 0.9) for a single trial using noise-free input
(subfigure a) and noisy input with an SNR of 5 dB (subfigure
b).

3.4.2 Sensitivity to Noise

For the noise robustness study, each RMS error value
was computed using a Monte Carlo average over 50
independent noise realizations. White Gaussian noise
was added to the normalized fast-sampled encoder
signal using MATLAB’s awgn() function with the
’measured’ option, which computes the signal power
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Table 2
RMS reconstruction error relative to W-FIR.

SNR W-FIR W-IIR

(dB) RMS α = .3 α = .5 α = .9

0 0.7114
0.6502
↓8.6%

0.5523
↓22.4%

0.2399
↓ 66.3%

5 0.4008
0.3680
↓8.2%

0.3131
↓21.9%

0.1435
↓ 64.2%

10 0.2272
0.2120
↓6.7%

0.1821
↓19.8%

0.0965
↓ 57.5%

20 0.0919
0.0958
↑4.2%

0.0875
↓4.9%

0.0714
↓ 22.4%

30 0.0631
0.0737
↑16.8%

0.0701
↑11.0%

0.0679
↑7.5%

directly from the input signal before adding noise at
the specified SNR. The SNR values were selected as
SNR = {0, 3, 5, 10, 15, 20, 25, 30} dB to test the robust-
ness of the signal reconstruction using the W-IIR. For
each SNR value, the slow-sampled signal was extracted
from the noisy fast-sampled signal and reconstructed
using the W-FIR and W-IIR. The W-IIR was evaluated
for α = {0.3, 0.5, 0.9}.

Figure 7b shows the reconstruction results obtained us-
ing the noisy measurements from one trial. Figure 8
shows the RMS reconstruction error using the W-FIR
and W-IIR at different SNR and α values. As SNR de-
creases, the RMS error increases for all values of α, while
larger values of α consistently reduce the reconstruction
error, with the largest improvement observed in the low
SNR regime and diminishing improvements beyond ap-
proximately 20 dB. A summary comparing the RMS re-
construction errors between the W-FIR and W-IIR is
reported in Table 2.
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Fig. 8. RMS reconstruction error of W-FIR and W-IIR for
varying α and SNR. Error bars denote one standard devia-
tion over 50 independent noise realizations.

The improved performance of the W-IIR is attributed to
the bandpass attenuation characteristics. As illustrated
by the Bode plot in Fig. 9, the W-IIR behaves as a band-
pass filter, allowing the target 7 Hz signal to pass while
attenuating noise. However, spectral folding starting at
the Nyquist frequency causes frequency components at
4(2i − 1) ± 3 Hz and 4(2i) ± 1 Hz to pass, for i ∈ Z+,
thereby contributing to reconstruction error. Increasing

α to 1 further reduces the average error by narrowing
the bandpass notch but at the cost of a slower transient
response as the poles of the W-IIR approach the unit
circle. This is illustrated in Fig. 10 and shown in the er-
ror plot in Fig. 11. This slower convergence contributes
to the increased number of outliers observed in Fig. 12.
Therefore, choice of α in the design of the W-IIR should
balance trade-offs between average reconstruction error,
convergence rates, and sensitivity to outliers.

Fig. 9. Bode plots of theW-FIR andW-IIR transfer functions
tuned for various bandwidths for the first inter-sample point,
k = 1. The dotted plots denote the range of WMMP,k(z) and
α = 0.9 for inter-samples 2 → 24.

4 Convex Optimization Based Optimal Local-
Loop Shaping

We now present the proposed optimal LLS design to re-
duce sensitivity amplification while preserving beyond-
Nyquist disturbance rejection. To derive the objectives
for optimization, we first consider the case where the
feedback sampling period in Fig. 2 is uniform and fast.
Figure 13 shows the resulting forward model disturbance
observer structure, where the output satisfies y[n] =

y(nTfs). When no modeling error exists (i.e., P̂ (z) =
P (z)), the estimated output ŷ[n] is disturbance free,
yielding dp[n] = y[n]− ŷ[n]. In the transfer-function do-
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Fig. 10. Pole map of WMMP,k(z) in Eq. (10) at different
α’s. For the same α, WMMP,k(z) for each inter-sample point
share the same poles.
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Fig. 12. Box-chart error for one trial comparing α. Recon-
struction using W-FIR has 31 outliers, while reconstruction
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liers, respectively.
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P(z)

Q(z)

+

+

dp [n]

+ y [n]
P(z)

+

-

u[n]

+ ds [n]y [n]

Fig. 13. Forward model DOB loop with uniform sampling.

main, we have

Y (z)

Dp(z)
= 1− P̂ (z)Q(z) . (11)

As a special form of Youla-Kučera parameterization (see,
e.g., [15]), the closed loop is stable as long as the plant
and Q(z) are stable.

Remark 4 We will design Q(z) to be stable; if the plant
is not stable, it can be stabilized with a baseline control
first and then the outer-loop structure in Fig. 3 can be
implemented.

Remark 5 Also, it is well established (e.g., by explicitly
considering the transfer function when model mismatch

exists) that as long as Q(z) has small enough gains at
frequencies where large modeling error exists, the closed
loop will also be maintained stable.

For our focused disturbance rejection while preserving
the system response to other signals, the ideal conditions
are

1− P̂ (ejω)Q(ejω) = 0 ∀ω ∈ Ωd , (12)

P̂ (ejω)Q(ejω) = 0 ∀ω ∈ Ωnd . (13)

where Ωd and Ωnd denote the sets of disturbance fre-
quencies and non-disturbance frequencies, respectively,
with Ωd ∩ Ωnd = ∅. We define ωd,j (rad) as the jth dis-
turbance frequency in Ωd, and ωnd,i (rad) as the i

th non-

disturbance frequency in Ωnd. Ideally, P̂ (z)Q(z) is thus
a bandpass filter that has unit gain at the disturbance
frequencies and zero gain at other frequencies. Notice
that the set Ωd is finite, while Ωnd is usually substan-
tially larger and must be approximated in practice.

0.2 0.4 0.6 0.8 1 1.2 1.4
Radians

-40

-30

-20

-10

0

dB

Ωnd

Ωd,

Fig. 14. Example magnitude plot of P̂ (z)Q(z). The Q filter is

parameterized such that 1− P̂ (z)Q(z) has four attenuation
notches for the disturbance frequencies. Ωnd represents the
non-disturbance frequency, while Ωd has four disturbance
frequencies.

Figure 14 illustrates an example of a magnitude plot
of P̂ (ejω)Q(ejω) and the corresponding regions occu-
pied by Ωnd and Ωd. To generate attenuation notches in
1 − P̂ (ejωd)Q(ejωd), the product P̂ (ejωd)Q(ejωd) is de-
signed to have unit gain at the disturbance frequencies,
i.e., P̂ (ejωd)Q(ejωd) = 1, while remaining small over
non-disturbance frequency set Ωnd. In practice, we de-
fine Ωnd = {ωnd,1, . . . , ωnd,15r}, where: 1) r is the filter
order to be designed next; 2) ideally Ωnd = [0, π]\{ωd,j},
which is approximated by discretization into 15× r fre-
quencies following the practice in convex optimization
[40]; and 3) to better capture the transition near each dis-
turbance frequency, {ωd,j}, the nearest sampled frequen-
cies adjacent to each disturbance frequency are placed at
ωnd,i = ωd,j − π/(2× r) and ωnd,i+1 = ωd,j + π/(2× r).
This spacing may be adjusted according to the desired
notch bandwidth.
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We design Q(z) optimally with the following structure:

Q(z) = Q0(z)Q1(z) , (14)

where Q0(z) is a prescribed causal shaping filter and

Q1(z) = q0 + q1z
−1 + . . .+ qrz

−r

contains the filter coefficients {q0 . . . qr} to be solved.
After subsequent formulations, such a problem falls into
the category of convex optimization, and can be effi-
ciently solved using modern tools such as CVX [14] us-
ing, e.g., the interior point method [1].

Table 3 provides a summary of different structures of
Q0(z) with corresponding properties [4]. Filter selection
should be based on the desired frequency behavior (e.g.,
low-pass, high-pass, or band-pass characteristics), and
the corresponding structure is incorporated into Q0(z)
to improve the reliability and conditioning of the opti-
mization problem.

Table 3
Filter structures and properties of Q0(z)

Q0(z) Type Property

1− z−1 FIR High-pass

1 + z−1 FIR Low-pass

1−
m∏︂
i=1

1− 2z−1 cosωd,i + z−2

1− 2αiz−1 cosωd,i + α2
i z

−2
IIR Band-pass

4.1 Design ofQ(z) using Second-Order Cone Program-
ming

In this subsection, we design Q(z) to achieve the desired
properties in Eq. (13), prioritizing on a prescribed band-
pass behavior. We formulate Eq. (13) as a quadratic con-
straint, allowing the problem to be solved with second-
order cone programming (SOCP). To simplify notation,
the prescribed filter Q0(z) is absorbed into the nominal
plant model as

P̂0(z) = P̂ (z)Q0(z) ,

=
bmP0

zmP0 + . . .+ b1z + b0

znP0 + anP0
−1z

nP0
−1 + . . .+ a1z + a0

,
(15)

where nP0
> mP0

≥ 0; therefore, P̂ (z)Q(z) =

P̂0(z)Q1(z). This representation separates the fixed
plant/filter dynamics from the filter parameters and al-
lows different choices of Q0(z) to be incorporated with-
out changing the structure of the optimization problem.

Eqs. (12) and (13) are linear for every ωd,j and ωnd,i. To
be more specific, we explicitly separate the predefined
coefficients of the plant P̂ (z) and Q(z) from {q0 . . . qr},

yielding

P̂ (z)Q(z) = P̂0(z)(q0 + q1z
−1 + . . .+ qrz

−r) , (16)

= P̂0(z)q
Tϕ(z) , (17)

with ϕ(z) =
[︂
1, z−1, · · · z−r

]︂T
and

q =
[︂
q0, q1, · · · qr

]︂T
.

Substituting in z = ejω, Eq. (17) is divided into real and
imaginary components such that

P̂0(e
jω)qTϕ(ejω) =[︂

P̂0,R(e
jω) + jP̂0,I(e

jω)
]︂
qT

[︁
ϕR(e

jω)− jϕI(e
jω)

]︁
,

(18)
where we have represented the plant as its real and imag-
inary components P̂0 = P̂0,R + jP̂0,I (the term ejω is
omitted here and forward for brevity), and

ϕR(e
jω) =

[︂
1, cos(ω), · · · cos(rω)

]︂T
,

ϕI(e
jω) =

[︂
0, sin(ω), · · · sin(rω)

]︂T
.

Substituting Eq. (18) into Eq. (12) yields

qT
(︂
P̂0,RϕR + P̂0,IϕI

)︂
+ jqT

(︂
P̂0,IϕR − P̂0,RϕI

)︂
= 1 . (19)

Equation (19) is an exact constraint equivalent to Eq.
(12). It is linear and convex with respect to q.

Regarding the other design property of Eq. (13), as it is
not feasible to have zero magnitude for the entire non-
disturbance frequencies, we relax it to a magnitude con-
straint of |P̂ (ejω)Q(ejω)| ≤ ϵ(ω). Taking the square re-
moves the imaginary term and yields

qT
[︂
ϕR(e

jω)|P̂0(e
jω)|2ϕT

R(e
jω)

+ ϕI(e
jω)|P̂0(e

jω)|2ϕT
I (e

jω)
]︂
q ≤ ρ(ω), (20)

where |P̂0(·)|2 = P̂ 2
0,R(·)+P̂ 2

0,I(·) and ρ(·) = ϵ(·)2. Equa-
tion (20) is a quadratic inequality at one non-disturbance
frequency. If the size of Ωnd is nm, we form nm such in-
equalities.
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Integrating both the bandstop and bandpass signal cri-
teria, the proposed SOCP for optimal LLS is

minρ,q

nm∑︂
i=1

ρ(ωnd,i) (21)

subject to 1− P̂0(e
jωd,i)ϕT (ejωd,i)q = 0 ∀i = 1, . . . ,m

qT
[︂
ϕR(e

jωnd,i)|P̂0(e
jωnd,i)|2ϕT

R(e
jωnd,i) + . . .

ϕI(e
jωnd,i)|P̂0(e

jωnd,i)|2ϕT
I (e

jωnd,i)
]︂
q

≤ ρ(ωnd,i) ∀i = 1, . . . , nm

This formulation has several advantages. First, relaxing
the constraint in Eq. (20) yields a feasible solution, allow-
ing standard SOCP solvers to efficiently identify optimal
filter parameter. Second, the minimum bound ρ(ωnd,i) is
determined directly through optimization, enabling the
designer to focus on specifying the frequency regions of
interest rather than prescribing exact magnitude levels.
As a result, there is greater flexibility in tuning the filter
based on desired frequency regions.

Remark 6 The SOCP provides exact disturbance rejec-
tion at ωd,i ∀i ∈ (1,m). If only partial disturbance at-
tenuation is desired in practice, a positive scaling fac-
tor ζ[∈ (0, 1)] can be added such that Q → ζQ. If a
more prescribed attenuation depth profile is desired, the
first linear constraint can also be flexibly adjusted, e.g.,
to ζi − P̂0(e

jωd,i)ϕT (ejωd,i)q = 0 ∀i = 1, . . . ,m, and
0 < ζi ≤ 1.

4.2 Design of Q(z) Via Semi-Definite Programming

We have applied SOCP for solving a feasible bound
for the bandpass constraint in Eq. (20). However,
the SOCP does not directly minimize amplifications
in Eq. (11) rooted in the celebrated Bode’s Integral
Theorem. To address this, we formulate the objective
function to minimize the H∞–norm (maximum mag-
nitude response) of Eq. (11), using a special form of
the discrete-time Bounded-Real lemma [23, 24], which
transforms a bounded-input bounded-output (BIBO)
stable discrete-time LTI system G(z)’s infinity norm
inequality ∥G(z)∥∞ ≤ γ to the existence of a positive
semi-definite matrix M such that a matrix inequality
holds: ⎡⎢⎢⎢⎢⎢⎣

M MAd MBd 0

AT
d M M 0 CT

d

BT
d M 0 γI DT

d

0 Cd Dd γI

⎤⎥⎥⎥⎥⎥⎦ ⪯ 0. (22)

Any state-space representation of the Bounded-Real
Lemma (see, e.g., [3]) can be used so long as linearity

with respect to q and M is preserved in the matrix
inequality. In the proposed formulation, we design to
transform Eq. (11) into its controllable canonical form
(CCF), which stores the coefficients of Q1(z)—q (in
vector form)—in matrices Cd and Dd. As a result, the
matrix inequality in Eq. (22) becomes linear in terms
of both q and M , preserving convexity. We then for-
mulate the filter as a semi-definite programming (SDP)
problem. Specifically, given the discrete-time system
represented by Eq. (15), we choose the state-space rep-
resentation in the CCF:

xP̂0
[n+ 1] = AP̂0

xP̂0
[n] +BP̂0

u[n] ,

yP̂0
[n] = CP̂0

xP̂0
[n] +DP̂0

u[n] ,
(23)

with

AP̂0
=

⎡⎢⎢⎢⎢⎢⎣
0 1 · · · 0
...

...
. . .

...

0 0 · · · 1

−a0 −a1 · · · −anP0
−1

⎤⎥⎥⎥⎥⎥⎦ , BP̂0
=

⎡⎢⎢⎢⎢⎢⎣
0
...

0

1

⎤⎥⎥⎥⎥⎥⎦ ,

CP̂0
=

[︂
b0, · · · bmP0

, 01x(nP0
−mP0

−1)

]︂
, DP̂0

= [0] .

Note that the input for Q1(z) is the output of P̂0(z).
Then, the state-space representation of Eq. (14) in CCF
is

xQ1
[n+ 1] = AQ1

xQ1
[n] +BQ1

yP̂0
[n] ,

yQ1 [n] = CQ1xQ1 [n] +DQ1yP̂0
[n] ,

(24)

with

AQ1
=

⎡⎢⎢⎢⎢⎢⎣
0 1 · · · 0
...
...
. . .

...

0 0 · · · 1

0 0 · · · 0

⎤⎥⎥⎥⎥⎥⎦ , BQ1
=

⎡⎢⎢⎢⎢⎢⎣
0
...

0

1

⎤⎥⎥⎥⎥⎥⎦ ,

CQ1
=

[︂
qr, · · · q1

]︂
, DQ1

= [q0] .

Let the state variable be x̂[n] =
[︂
xT
P̂0
[n] xT

Q1
[n]

]︂T
. The

state-space representation of Eq. (11) is

x̂[n+ 1] = Âx̂[n] + B̂u[n] ,

ŷ[n] = Ĉx̂[n] + D̂u[n] ,
(25)

with

Â =

[︄
AP̂0

0nP0
×r

BQ1
CP̂0

AQ1

]︄
, B̂ =

[︄
BP̂0

BQ1
DP̂0

]︄
,

Ĉ = −
[︂
DQ1

CP̂0
CQ1

]︂
, D̂ = [1−DQ1

DP̂0
] .
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We apply the discrete-time Bounded-Real Lemma from
Eq. (22) to the state-space in Eq. (25) and have the
minimization problem for the SDP filter:

minγ,q,M γ (26)

subject to 1− P̂0(e
jωd,j )ϕT (ejωd,j )q = 0 ∀j = 1, . . . ,m⎡⎢⎢⎢⎢⎢⎣

M MÂ MB̂ 0

ÂTM M 0 ĈT

B̂TM 0 γI D̂T

0 Ĉ D̂ γI

⎤⎥⎥⎥⎥⎥⎦ ⪯ 0

M ⪰ 0, γ ≥ 0

qT
[︂
ϕR(e

jωnd,i)|P̂0(e
jωnd,i)|2ϕT

R(e
jωnd,i) + . . .

ϕI(e
jωnd,i)|P̂0(e

jωnd,i)|2ϕT
I (e

jωnd,i)
]︂
q

≤ ρ(ωnd,i) ∀i = 1, . . . , nm

Here, ρ(·) becomes a tunable design parameter spec-
ified prior to optimization and determines the allow-
able frequency-dependent bound in the quadratic con-
straint to enforce bandpass characteristics over selected
frequency regions.

Similar as before, when Q0(z) = 1, 1 − z−1, or 1 +
z−1 in Eq. (14), the resulting Q filter will be an FIR
filter. If Q0(z) is a bandpass filter as specified in Table
3, the final Q filter Q(z) = Q0(z)Q1(z) will be an IIR
filter. We use the terms SDP-FIR and SDP-IIR to refer
to Q(z) filters designed using SDP with FIR and IIR
parameterizations, respectively.

Also, analogous to Remark 6, additional scaling can be
applied in the first equality constraint to further fine
tune the Q profile.

5 Verification and Experimental Results

5.1 Configuration and Baseline Performance

Simulations were conducted in MATLAB/Simulink us-
ing the in-house SLS machine model shown in Fig. 1a.
The nominal closed-loop laser scanner model is [19]

P̃ (z) =
0.0282z2 + 0.1504z + 0.1146

z4 − 1.3190z3 + 0.9290z2 − 0.6073z − 0.0035
.

Since a vendor-integrated baseline controller is embed-
ded in the plant, we implement the MFMDOB using the
structure in Fig. 3, with r[n] = 0. The main simulation
parameters are summarized in Table 4, with the filter
order selected as r = 30. Beyond this order, the SDP op-
timal value exhibited diminishing improvement, as dis-
cussed in Sec. 5.2. The SOCP and SDP-FIR designs use

Table 4
Simulation parameters for numerical verification

Parameter Value

System model SLS laser scanner [19]
Fast-sampling period,
Tfs

2.5× 10−5 s (40 kHz)

Slow-sampling period,
Tss

6.25× 10−5 s (16 kHz)

Nyquist frequency, fN 8 kHz
Sampling ratio, L 2.5
NMP zero z = −4.419
Filter order, r 30
Disturbance frequen-
cies

9.360, 12.328, 15.064, 17.464 kHz

Normalized frequencies 1.170, 1.541, 1.883, 2.183 fN
Disturbance ampli-
tudes

0.555, 0.121, 0.451, 0.7159

Plant/sensor noise Unity-power WGN
Reconstruction W-FIR and W-IIR
Q(z) designs SOCP, SDP-FIR, SDP-IIR, and

bandpass [19]
IIR parameter, α 0.9 (W-IIR and SDP-IIR)
Platform MATLAB/Simulink

Bandpass region

Undesirable amplification P (ejωd)Q(ejωd) = 1

Fig. 15. Bode plots of P̂ (z)Q(z) (top) and 1−P̂ (z)Q(z) (bot-
tom). The Nyquist frequency is 8000 Hz, and the four distur-
bances are indicated by the dashed lines. The optimization
yielded successful Q filters using SOCP and SDP, with deep
attenuation notches for the beyond-Nyquist disturbances.

the high-pass Q0(z) structure in Table 3, whereas the
SDP-IIR design uses the band-pass Q0(z) structure.

Figure 15 shows the Bode plots of P̂ (z)Q(z) and

1 − P̂ (z)Q(z) for the bandpass, SOCP and SDP pa-
rameterizations. At the disturbance frequencies, the
designed filters satisfy P̂ (ejωd)Q(ejωd) ≈ 1, producing
attenuation notches for the disturbance frequencies in
1 − P̂ (ejωd)Q(ejωd). Away from the disturbance fre-
quencies, SOCP and SDP designs reduce the magnitude
of P̂ (ejω)Q(ejω), thereby limiting unnecessary ampli-
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Fig. 16. Output response of the system at the fast-sampling
period Tfs for (a) SOCP parameterized filters and (b) SDP
parameterized filters using W-FIR and W-IIR signal recon-
struction. The output of the baseline bandpass Q(z) filter is
omitted because it became unstable. The desired output is
y[n] = 0.
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Fig. 17. Spectral plot of the reconstructed fast disturbance
beyond-Nyquist frequency using W-FIR and W-IIR.

fication at non-disturbance frequencies. The SOCP
design yields the smallest response over the specified
non-disturbance region because it directly constrains
the frequency-dependent bound ρ(Ωnd) in Eq. (21). In
contrast, the baseline bandpass design exhibits larger
amplification below the Nyquist frequency, reflect-
ing the waterbed-type trade-off associated with wider
beyond-Nyquist attenuation notches.

Figure 16 shows the system outputs obtained using dif-
ferent Q(z) designs with W-FIR and W-IIR signal re-
construction. The output using the baseline bandpass
filter became unstable due to noise amplification and is
therefore omitted. The results show that the signal re-
construction stage significantly reduces noise sensitiv-
ity. At the disturbance frequencies, both the W-FIR and
W-IIR preserve the components required for signal re-
construction. However, the W-IIR behaves as a band-
pass filter by attenuating non-disturbance frequencies,
which improves reconstruction accuracy, consistent with
noisy-signal validation in Sec. 3.4.2. This behavior is also
observed in the spectral comparison in Fig. 17, where
theW-IIR reduces non-disturbance spectral components
relative to W-FIR. The RMS errors are summarized in
Table 5, where W-IIR reduces the RMS error by more

Table 5
RMS error forW-FIR andW-IIR with differentQ(z) designs.

Method Bandpass SOCP SDP-FIR SDP-IIR

W-FIR Unstable 8.965 8.588 9.631
W-IIR Unstable 0.849 0.852 0.841
Change – ↓ 90.5% ↓ 90.1% ↓ 91.3%

than 90% for all optimized Q(z) designs.
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Fig. 18. Comparison of the optimal value of the SDP-FIR
and SDP-IIR filters at various filter orders.

5.2 Optimal Value

Figure 18 shows the optimal value of the objective func-
tion in Eq. (26), corresponding to the H∞ norm of 1 −
P̂ (z)Q(z), for different Q filter orders using the SDP-
FIR and SDP-IIR filter parameterizations. The SDP-
IIR filter achieves lower optimal values up to approxi-
mately r = 30, indicating a a smaller upper bound on
the worse-case magnitude of 1 − P̂ (z)Q(z) across the
frequency spectrum. Beyond r ≈ 30, the improvement
becomes marginal, suggesting that increasing the filter
order provides limited additional benefit in local-loop
shaping performance.

The SDP-IIR filter also provides an additional degree of
design flexibility through the parameter, α, which con-
trols the effective bandwidth and notch characteristics.
As shown in Fig. 19, increasing α toward unity nar-
rows the bandwidth and increases the notch attenua-
tion at the disturbance frequencies. It also improves the
bandpass characteristics between disturbance frequen-
cies, particularly for α = 0.99. However, as α approaches
1, the poles of the SDP-IIR filter move closer to the unit
circle, increasing the transient response time of the filter.

The SOCP and SDP parameterized filters show simi-
lar disturbance-rejection behavior in Fig. 15; however,
the SDP objective function provides a more inter-
pretable optimal value. Specifically, the SDP minimizes
∥1 − P̂ (z)Q(z)∥∞, which represents the maximum
magnitude of the added error-rejection transfer func-
tion over frequency. In contrast, the SOCP objective∑︁

i ρ(ωnd,i) is a gridded aggregate bound over the non-
disturbance frequencies and is less directly interpretable
as a closed-loop performance metric.
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Fig. 19. Bode plot of P (z)Q(z) (top) and 1−P (z)Q(z) (bot-
tom) using the SDP-IIR filter at different α’s.

5.3 Robustness

This subsection evaluates the robustness of the proposed
MFMDOB using the special implementation in Fig 3.
Transfer-function analysis yields

Y (z) =P̃ (z)R(z) +
(︁
1− P̄ (z)Q(z)WMMP,k(z)

)︁
Dp(z)

− P̃ (z)Q(z)WMMP,k(z)Ds(z),
(27)

where

P̃ (z) =
P (z)C(z)

1 + P (z)C(z)
,

denotes the closed-loop plant obtained from the ZOH-
discretized plant P (z) and baseline controller C(z). Un-

der the assumptions of nominal-model match P̂ (z) =

P̃ (z) and uniform fast-sampling in the closed loop, the
corresponding disturbance sensitivity and complemen-
tary disturbance sensitivity functions are

S(z) = 1− P̃ (z)Q(z)WMMP,k(z), (28)

T (z) = P̃ (z)Q(z)WMMP,k(z), (29)

or equivalently,

S(z) =
1 + P (z)C(z) (1−Q(z)WMMP,k(z))

1 + P (z)C(z)
, (30)

T (z) =
P (z)C(z)Q(z)WMMP,k(z)

1 + P (z)C(z)
. (31)

Thus, the zeros of T (z) include contributions from P (z),
C(z), Q(z), and WMMP,k(z).

We consider stability when the plant is perturbed to
P (ejω) → P (ejω)(1 + β(ejω)∆), where |β(ejω)| is the
magnitude of the uncertainty and ∆ is a stable, unity-
H∞–norm bounded uncertainty. Applying the Small

Gain Theorem gives the following robust-stability con-
dition [29]:

|T (ejω)β(ejω)| < 1 ∀ω , (32)

which requires the uncertainty magnitude β(ejω) to re-
main below the magnitude of the inverse complementary
transfer function 1/|T (ejω)|. Ideally, this translates to a
desire for ∥T (z)∥∞ to be small. However, from Bode’s
Integral Theorem, we have [35]∫︂ 2π

0

ln |S(ejω)|dω = 2π ·
∑︂

ln |pi| , (33)∫︂ 2π

0

ln |T (ejω)|dω = 2π ·
∑︂

ln |zi| , (34)

where pi denote equivalent open-loop unstable poles,
and zi denote the equivalent open-loop NMP zeros. The
equivalent open loop here refers to the transfer function
L(z) such that 1/(1 + L(z)) yields the sensitivity func-
tion in Eq. (30). When nonminimum-phase zeros are
present, Eq. (34) implies that reducing |T (ejω)| over se-
lected frequency regions generally requires amplification
elsewhere. As the number or magnitude of NMP zeros
increases, unavoidable peaks appear in the complemen-
tary sensitivity transfer function, and the lower bound
on ∥T (z)∥∞ increases with

∑︁
ln |zi|. Consequently, our

objective is to minimize them through appropriate de-
sign of Q(z), where convex optimization is useful for
minimizing sensitivity amplifications.

Table 6
Magnitude of 1/|T (z)| at the disturbance frequencies.

Method f (Hz) W-FIR W-IIR Change

SOCP 9363 1.207 1.207 –
12326 1.077 1.080 ↑ 0.32%
15060 0.966 1.928 ↑ 99.7%
17461 0.979 0.064 ↓ 93.4%

SDP-FIR 9363 1.207 1.207 –
12326 1.077 1.076 ↓ 0.05%
15060 0.966 0.774 ↓ 19.8%
17461 0.979 0.035 ↓ 96.5%

SDP-IIR 9363 1.207 1.207 –
12326 1.077 1.077 –
15060 0.966 0.966 –
17461 0.979 0.981 ↑ 0.21%

Figure 20 compares the inverse complementary sensi-
tivity 1/T (z) for the W-FIR and W-IIR formulations,
and Table 6 summarizes its magnitudes at the dis-
turbance frequencies. Robust stability is guaranteed
when the uncertainty weight in Eq. (32) remains below
1/|T (ejω)| over the frequency range. Figure 20a shows
that W-FIR produces multiple dips of 1/|T (z)| below
−20 dB, indicating reduced robustness margins across
several frequency regions. In these regions, multiplica-
tive plant uncertainty greater than approximately 10%

13



0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Hz 104

-40

-20

0

20

40

M
ag

ni
tu

de
 (

dB
)

93
63

 H
z

12
32

6 
H

z

15
06

0 
H

z

17
46

1 
H

z

SOCP
SDP-FIR
SDP-IIR

-20 dB >

(a)

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Hz 104

-40

-20

0

20

40

M
ag

ni
tu

de
 (

dB
)

93
63

 H
z

12
32

6 
H

z

15
06

0 
H

z

17
46

1 
H

zSOCP
SDP-FIR
SDP-IIR

-20 dB >

(b)

Fig. 20. Bode plots of 1/T (z) using (a) W-FIR (b) W-IIR.

may compromise robust stability. In contrast, Fig. 20b
shows that W-IIR concentrates the reduction in robust-
ness margin primarily near the disturbance frequency
of 17461 Hz while maintaining larger values of 1/|T (z)|
elsewhere. This indicates that W-IIR localizes the ro-
bustness trade-off near the target disturbance frequency
instead of spreading sensitivity degradation over a wider
bandwidth. Summing up, the SDP-IIR filter design
combined with W-IIR improves reconstruction accu-
racy while maintaining favorable robustness margins
without requiring substantially higher filter order.

6 Conclusion

We proposed an optimally designed MFMDOB for at-
tenuating structured disturbances beyond the Nyquist
frequency of the feedback sensor for NMP systems. To
enable beyond-Nyquist disturbances under fractional
multirate sampling relationships, we introduced a MMP
capable of reconstructing fast-rate signals from spar-
ely aligned slow-sampled measurements. The distur-
bance observer filter Q(z) was formulated using convex
frequency-domain constraints and solved through SOCP
and SDP to achieve robust LLS and improved noise at-
tenuation. Hardware testing validated the effectiveness
of non-integer signal reconstruction using both W-FIR
and W-IIR, while demonstrating improved reconstruc-
tion accuracy of the W-IIR under noisy conditions. Sim-
ulations conducted on the in-house SLS system, a NMP
system, further verified that the proposed MFMDOB

improves robustness to measurement noise and enhances
stability margins under model uncertainty. Overall, the
proposed MFMDOB provides novel beyond-Nyquist
disturbance rejection for fractional multirate systems
while preserving robust closed-loop performance.
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A Multirate Model Predictor Derivation for
Non-Integer Sampling Period Ratios

Signal reconstruction in Eq. (8) is feasible when the In-
ternal Model Ad(z

−1)d[n] → 0 holds (see Eq. (5)).

We construct a special Diophantine equation:

F (z−1)A(z−1) + z−kWk(z
−NL)−B∗(z−NL) = 1 ,

(A.1)

with

F (z−1) =1 +

2m(NL−1)∑︂
i=1

fk,iz
−i ,

Wk(z
−NL) =

nw∑︂
i=0

wk,iz
−iNL ,

B∗(z−NL) =− 1 +

m∏︂
i=1

(︁
1− 2α cos(2πNLTfsfd,i)z

−NL

. . .+ α2z−2NL
)︁
,

≜
2m∑︂
i=1

biz
−iNL .

Note how we designed the order of z−1 in Wk and B∗

to contain only integer multiples of NL for picking the
sparse sampled signals.

The coefficients ofWk(z
−NL) can be solved by matching

the powers of z−i in Eq. (A.1), leading to the linear
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system:

Mk

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

fk,1
...

fk,2m(NL−1)

wk,0

...

wk,nw

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−a1

−a2
...

−a2m

0
...

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0(NL−1)×1

b1

0(NL−1)×1

b2
...

bm
...

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(A.2)
where Mk ∈ R2mNL×2mNL is defined as

Mk ≜
[︂
M̃k | ek, ek+NL

, · · · ek+(2m−1)NL

]︂
, (A.3)

M̃k ∈ R2mNL×2m(NL−1) is a Toeplitz block:

M̃k ≜

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 · · · 0
...

. . .
...

a2m
. . . 1

...
. . .

...

0 · · · a2m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

and ei denotes the standard basis vector having one in
the ith row and zeros elsewhere.

The minimum-order solution exists when Mk is full row
rank, i.e. nw = 2m − 1. Using the result of Eq. (5), we
multiply the Diophantine equation in Eq. (A.1) by dfs[n]
and apply the delay shift z−k. At steady state, we obtain

dfs[n] = Wk(z
−NL)dfs[n−k]+B∗(z−NL)dfs[n] . (A.4)

Equation (A.4) expands as a weighted sum of the co-
efficients of Wk(z

−NL) and B∗(z−NL). Evaluating at
n = nNL + k yields

dfs[nNL + k] =wk,0dfs[nNL] + . . .

+ wk,nwdfs[(n− nw)NL]

− b1dfs[(n− 1)NL + k]− . . .

− b2mdfs[(n− 2m)NL + k] .

(A.5)

Equation (A.5) shows that the kth inter-sample point is
expressed as a weighted sum of historical fast-sampled
measurements, where the weights given by the coeffi-
cients of Wk(z

−NL) are equivalent to those associated
with the slow-sampled measurements defined in Eq. (2).

Using this relation, Eq. (A.5) can be equivalently ex-
pressed as

dfs[nNL + k] =wk,0dss[DLn] + . . .

+ wk,nwdss[DL(n− nw)]− . . .

− b1dfs[(n− 1)NL + k]− . . .

− b2mdfs[(n− 2m)NL + k] .

(A.6)

Thus Eq. (A.6) provides the estimate of the kth inter-
sample between dfs[NLn] and dfs[NL(n+ 1)].
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